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Deformations of Higher-Page Analogues of ∂∂¯-Manifolds
Dan Popovici, Jonas Stelzig and Luis Ugarte
Abstract. We extend the notion of essential deformations from the case of the Iwasawa manifold, for
which they were introduced recently by the first-named author, to the general case of page-1-∂∂¯-manifolds
that were jointly introduced very recently by all three authors. We go on to obtain an analogue of the
unobstructedness theorem of Bogomolov, Tian and Todorov for page-1-∂∂¯-manifolds. As applications of
these results, we study the examples of the small deformations of the Iwasawa manifold and its 5-dimensional
analogue from this standpoint.
1 Introduction
In this paper, we begin to investigate the role of the new class of page-1-∂∂¯-manifolds introduced in
[PSU20a] in the theory of deformations of complex structures and in the new approach to Mirror
Symmetry, extended to the possibly non-Ka¨hler context, proposed in [Pop18].
The notion of essential deformations of the Iwasawa manifold I(3) was put forward in [Pop18]
as consisting of those small deformations of I(3) that are not complex parallelisable. Recall that a
compact complex manifold X is said to be complex parallelisable if its holomorphic tangent bundle
T 1, 0X is trivial. By Wang’s theorem [Wan54], any such X is the quotient G/Γ of a complex Lie
group G by a co-compact, discrete subgroup Γ. When G is nilpotent, the manifold X = G/Γ is a
complex parallelisable nilmanifold.
1.1 Small non-essential deformations
A key point made in [Pop18] was: I(3) is a complex parallelisable nilmanifold, so removing from its
Kuranishi family its complex parallelisable small deformations, which have the same geometry as
I(3), does not induce any loss of geometric information. This point is now generalised to the context
of arbitrary complex parallelisable nilmanifolds.
Theorem 1.1. Let X = G/Γ be a complex parallelisable nilmanifold, where G is a simply
connected nilpotent complex Lie group and Γ ⊂ G is a lattice. The universal cover of any complex
parallelisable small deformation of X is isomorphic to G as a Lie group with left-invariant complex
structure.
According to [Pop18], after removing the complex parallelisable small deformations of the 3-
dimensional Iwasawa manifold X = I(3) from its Kuranishi family, the remaining, essential, small
deformations turn out to be parametrised by the E2-cohomology space E
2, 1
2 (X) featuring on the sec-
ond page of the Fro¨licher spectral sequence (FSS) of I(3) and to have much better Hodge-theoretical
properties than the space of all small deformations, parametrised by the bigger Dolbeault cohomol-
ogy space H2, 1
∂¯
(X) = E2, 11 (X) featuring on the first page. Indeed, the FSS degenerates at E2, rather
than at E1, in the case of I
(3) and an analogue of the Hodge decomposition and symmetry for I(3)
was observed in [Pop18] when the traditional first page is replaced by the second page of the FSS.
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This phenomenon was generalised through the introduction of the new class of page-1-∂∂¯-manifolds
and, more generally, of page-r-∂∂¯-manifolds for every non-negative integer r, in [PSU20a].
In Corollary 2.6, we give a general result in the context of non-essential complex parallelisable
deformations. We show that for any complex parallelisable small deformation Xt of a complex
parallelisable nilmanifold X0, the cohomology stays the same, in the sense that there exists an
isomorphism H(X0) ∼= H(Xt), where H denotes any of de Rham, Dolbeault, Bott-Chern or Aeppli
cohomology or their higher-page analogues introduced in [PSU20b].
1.2 Small essential deformations
In §.2.3, we define the notion of essential deformations in the general context of compact Calabi-Yau
page-1-∂∂¯-manifolds.
Recall that a compact complex manifold X is said to be a Calabi-Yau manifold if its canonical
bundle KX is trivial. On the other hand, page-1-∂∂¯-manifolds have recently been introduced in
[PSU20a]. Like the Iwasawa manifold, their de Rham cohomology carries a Hodge decomposition
with the Dolbeault cohomology (i.e. the first page of the FSS) replaced by the second page of the
FSS. It turns out that for some complex parallelisable nilmanifolds X, such as the 5-dimensional
analogue I(5) of the Iwasawa manifold, the non-complex parallelisable small deformations no longer
coincide with those parametrised by En−1, 12 (X) even when this space injects in a natural way into
En−1, 11 (X).
We call the small deformations of the latter type essential deformations of a compact Calabi-
Yau page-1-∂∂¯-manifold X endowed with a canonical Hermitian metric (see the general Definition
2.9). The main result we get in this direction is a generalisation to Calabi-Yau page-1-∂∂¯-manifolds
of the following classical Bogomolov-Tian-Todorov theorem (see [Tia87], [Tod89]):
The Kuranishi family of a compact Ka¨hler Calabi-Yau manifold is unobstructed.
The Ka¨hler assumption can be weakened to the ∂∂¯ and even to the E1 = E∞ assumption (as pointed
out in [Tia87], [Ran92] and [Kaw92] – see also discussions by various other authors such as [Pop13,
Theorem 1.2]).
Our main result in this direction is the following statement to the effect that, under certain co-
homological conditions, a similar phenomenon holds when the ∂∂¯-assumption is further weakened to
the page-1-∂∂¯-assumption. See Definition 2.13 for the meaning of unobstructedness for the essential
Kuranishi family. Meanwhile, for any bidegree (p, q), we let Zp, qr (X) stand for the vector space
of smooth Er-closed (p, q)-forms on X. (These are the smooth (p, q)-forms on X that represent
Er-cohomology classes on the r-th page of the Fro¨licher spectral sequence. See e.g. Proposition 2.3
in [PSU20b] for a description of them.)
Theorem 1.2. Let X be a compact Calabi-Yau page-1-∂∂¯-manifold with dimCX = n. Fix a
non-vanishing holomorphic (n, 0)-form u on X and suppose that
ψ1(t)y(ρ1(s)yu) ∈ Zn−2, 22 (1)
for all ψ1(t), ρ1(s) ∈ C∞0, 1(X, T 1, 0X) such that ψ1(t)yu, ρ1(s)yu ∈ ker d ∪ Im ∂.
(i) Then, the essential Kuranishi family of X is unobstructed.
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(ii) If, moreover, Zn−1, 11 = Zn−1, 12 , the Kuranishi family of X is unobstructed.
This undertaking is justified by the fact that unobstructedness of the Kuranishi family occurs for
some well-known compact complex manifolds that are not ∂∂¯-manifolds but are page-1-∂∂¯-manifolds,
such as I(3) and I(5). The point we will make is that I(3) and I(5) are not isolated examples, but
they are part of a pattern.
2 Deformations of page-1-∂∂¯-manifolds
We first take up some general issues in the theory of deformations of complex structures and then
we move on to specific deformation properties of our the class of page-1-∂∂¯-manifolds introduced in
[PSU20a].
2.1 Background
Let X be a compact complex manifold with dimCX = n. Recall that small deformations of the
complex structure of X over a base B may be described by smooth T 1, 0X-valued (0, 1)-forms ψ(t) ∈
C∞0, 1(X, T
1, 0X) depending on t ∈ B and satisfying the integrability condition (see e.g. [KS60]):
∂¯ψ(t) =
1
2
[ψ(t), ψ(t)]. (2)
In fact, given such a ψ, the space of (0, 1)-tangent vectors for the complex structure determined by
ψ is given by (Id +ψ)T 0,1X .
Let t = (t1, ..., tm) ∈ Cm with m = dimCH0, 1(X, T 1, 0X). Writing
ψ(t) = ψ1(t) +
+∞∑
ν=2
ψν(t)
for the Taylor expansion of ψ around 0, (so each ψν(t) is a homogeneous polynomial of degree ν in
the variables t = (t1, . . . , tm)), the integrability condition is easily seen to be equivalent to ∂¯ψ1(t) = 0
and the following sequence of conditions:
∂¯ψν(t) =
1
2
ν−1∑
µ=1
[ψµ(t), ψν−µ(t)] (Eq. (ν)), ν ≥ 2.
The Kuranishi family of X is said to be unobstructed if there exists a choice {β1, . . . , βm} of
representatives of cohomology classes that form a basis {[β1], . . . , [βm]} of H0, 1(X, T 1, 0X) such that
the integrability condition is satisfied (i.e. all the equations (Eq. (ν)) are solvable) for any choice of
parameters (t1, . . . , tm) ∈ Cm defining ψ1(t) = t1β1 + · · ·+ tmβm.
By the fundamental result of [Kur62], when this qualitative condition is satisfied, a convergent
solution ψ(t) can be built for small t through an inductive construction of the ψν(t)’s from the given
ψ1(t) by solving the equations (Eq. (ν)) and choosing at every step the solution with minimal L
2
norm for a pregiven Hermitian metric on X. The r.h.s. of each of these equations is ∂¯-closed, so the
only obstruction to solvability is the possible non-∂¯-exactness of the r.h.s. The resulting (germ of a)
family (Xt)t∈∆ of complex structures on X is called the Kuranishi family of X. (It depends on the
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metric, but different choices of metrics yield isomorphic families.) If it is unobstructed, its base B is
smooth and can be viewed as an open ball about 0 in the cohomology vector space H0, 1(X, T 1, 0X).
If, moreover, the canonical bundle KX of X is trivial (and we will call X a Calabi-Yau man-
ifold in that case), there exists a (unique up to scalar multiplication) smooth non-vanishing holo-
morphic (n, 0)-form u on X which induces an isomorphism
H0, 1(X, T 1, 0X) 3 [θ] 7→ [θyu] ∈ Hn−1, 1
∂¯
(X) = En−1, 11 (X),
that we call the Calabi-Yau isomorphism. In particular, B can be viewed as an open ball around
0 in Hn−1, 1
∂¯
(X) in this case.
Example 2.1. (The Kuranishi family of the 5-dimensional Iwasawa-type manifold)
Let us now consider the specific example of the complex parallelisable nilmanifold X = I(5) of
complex dimension 5. Its complex structure is described by five holomorphic (1, 0)-forms ϕ1, . . . , ϕ5
satisfying the equations:
dϕ1 = dϕ2 = 0, dϕ3 = ϕ1 ∧ ϕ2, dϕ4 = ϕ1 ∧ ϕ3, dϕ5 = ϕ2 ∧ ϕ3.
If θ1, . . . , θ5 form the dual basis of (1, 0)-vector fields, then [θi, θj] = 0 except in the following cases:
[θ1, θ2] = −θ3, [θ1, θ3] = −θ4, [θ2, θ3] = −θ5,
hence also [θ2, θ1] = θ3, [θ3, θ1] = θ4, [θ3, θ2] = θ5.
In particular, H0, 1(X, T 1. 0X) = 〈[ϕ1⊗θi], [ϕ2⊗θi] | i = 1, . . . , 5〉, so dimCH0, 1(X, T 1. 0X) = 10.
This manifold is the 5-dimensional analogue of the 3-dimensional Iwasawa manifold I(3). The
following fact was observed in [Rol11].
Proposition 2.2. The Kuranishi family of the 5-dimensional nilmanifold I(5) is unobstructed.
Proof. It was given in [Rol11]. 
2.2 Cohomological triviality of complex parallelisable deformations of
nilmanifolds
For complex parallelisable nilmanifolds X = G/Γ, where G is a simply connected nilpotent complex
Lie group and Γ ⊆ G a lattice, the Dolbeault cohomology can be computed by left invariant forms
(cf. [Sak76]). In particular, one has (cf. [Nak75]):
H0,1(X,T 1,0X) ∼= H0, 1(X,C)⊗ g1,0 = (ker ∂¯ ∩ A0,1g )⊗ g1,0,
where g is the Lie algebra of G.
Furthermore, g is actually a complex Lie algebra and g1,0 ⊆ gC is a complex subalgebra. In fact,
one has an identification of complex Lie algebras g ∼= g1,0 given by z 7→ 12(z− iJz). In what follows,
we will always tacitly use the above identifications.
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Of particular interest are the cohomology classes in
Hpar(X) := H
0, 1(X,C)⊗ Z(g) = (ker ∂¯ ∩ A0,1g )⊗ Z(g) ⊂ H0,1(X,T 1,0X),
where Z(g) is the centre of g (which coincides with the Lie algebra of the centre Z(G) of G since
G is connected). They will be called infinitesimally complex parallelisable deformations of X due to
the following
Theorem 2.3. ([Rol11]) Let X = G/Γ be a complex parallelisable nilmanifold. Let µ ∈ H0,1(X,T 1,0X).
The following statements are equivalent.
1. µ ∈ Hpar(X).
2. For all X, Y ∈ g, one has [X,µY ] = 0.
3. tµ induces a 1-parameter family of complex parallelisable manifolds for t small enough.
Moreover, for each such µ, the sequence of equations (Eq. (ν))ν≥1 (equivalently, (2)) is solvable with
ψ = ψ1 = µ.
We will show that the cohomology is the same for all the complex parallelisable small deformations
of a given complex parallelisable nilmanifold X = G/Γ. This is a consequence of Theorem 1.1, which
we will prove first.
Remark 2.4. Note that Theorem 1.1 does not state that the corresponding small deformations of
X are themselves biholomorphic. For example, when X is a torus, we only recover the fact that the
universal cover of each small deformation is Cn (while, of course, the lattice changes).
Proof of Theorem 1.1. It is known that all small deformations of a left-invariant complex structure
on a complex parallelisable nilmanifold X = G/Γ are again left-invariant (cf. [Rol11, sect. 4]). In
particular, they are again of the form G/Γ, but now with a possibly different, yet still left invariant,
complex structure. Thus, differentiably, the universal cover is always G, which is determined entirely
by g through the Lie-group/Lie-algebra correspondence. However, the complex structure on G varies
with µ but since it remains left-invariant, it is determined by the splitting gC = g
0,1
µ ⊕ g1,0µ into i
and −i Eigenspaces, which can be computed from the complex structure of the central fibre via
g0,1µ = (Id +µ)g
0,1 and g1,0µ = (Id +µ¯)g
1,0.
Claim 2.5. The linear map of vector spaces
α : gC −→ gC,
defined as (Id +µ) on g0,10 and as (Id +µ) on g
1,0
0 , is an isomorphism of Lie algebras.
Proof of Claim 2.5. Since µ is small, α is an isomorphism of vector spaces and the point is to show
that it is also a morphism of Lie algebras. We use [X, Y¯ ] = 0 for all X ∈ g1,0 and Y¯ ∈ g0,1. Since
µ ∈ H0, 1(X,C)⊗ Z(g), one also has [X,µY¯ ] = 0, so [Z, µY¯ ] = [Z, µ¯X] = 0 for any Z ∈ gC. So, for
X¯, Y¯ ∈ g0,1, we have:
[αX¯, αY¯ ] = [X¯, Y¯ ] + [µX¯, µY¯ ] + [µX¯, Y¯ ] + [X¯, µY¯ ]
= [X¯, Y¯ ] = [X¯, Y¯ ] + µ([X¯, Y¯ ]) = α([X¯, Y¯ ]).
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Regarding the last-but-one equality, recall Cartan’s formula (∂¯η¯)(X¯, Y¯ ) = −η¯([X¯, Y¯ ]) that holds
for any left-invariant (0, 1)-form η¯ and that µ ∈ ker ∂¯ ∩ A0,1g ⊗ Z(g). Therefore, µ([X¯, Y¯ ]) =
−(∂¯µ)(X¯, Y¯ ) = 0. By a similar argument, [αX,αY ] = α([X, Y ]) for X, Y ∈ g1,0.
Finally, for all X ∈ g1, 0 and all Y¯ ∈ g0,1, we have:
[αX,αY¯ ] = [X, Y¯ ] + [µ¯X, µY¯ ] + [µ¯X, Y¯ ] + [X,µY¯ ]
= 0 = α([X, Y¯ ]).
Summing up, α is an isomorphism of Lie algebras. Thus, we get an induced isomorphism G → G
which by construction is compatible with the complex structures corresponding to 0 resp. µ.
This finishes the proof of Claim 2.5 and that of Theorem 1.1. 
Corollary 2.6. Let X ′ be a complex parallelisable small deformation of a complex parallelisable
nilmanifold X. Then, there exists an isomorphism between the double complexes of left invariant
forms on X and X ′.
In particular, there exist isomorphisms H(X) ∼= H(X ′), where H stands for any cohomology of
one of the following types: Dolbeault, Fro¨licher Er, De Rham, Bott-Chern, Aeppli and higher-page
Bott-Chern and Aeppli.
Proof. The first statement follows from Claim 2.5, since the double complex of left invariant forms
can be computed in terms of the Lie-algebra with its complex structure, while the second follows
from [Ste20, Prop. 12] and the fact that for any nilmanifold X = G/Γ, the inclusion of the double
complex of left-invariant forms on G into all forms on X is an E1-isomorphism. (This is conjectured
to hold for all complex nilmanifolds and it is known for complex parallelisable ones, see [Sak76]).
2.3 Essential deformations of Calabi-Yau manifolds
The notion of essential deformations was introduced in [Pop18] in the special case of the Iwasawa
manifold I(3). We will now extend it to a larger class of Calabi-Yau manifolds.
Let X be a compact complex manifold with dimCX = n. Recall that, for every integer r ≥ 1
and every bidegree (p, q), the vector space of smooth Er-closed (resp. Er-exact) (p, q)-forms on X
is denoted by Zp, qr (X) (resp. Cp, qr (X)). Let us now define the following vector subspace of Ep, q1 (X):
Ep, q1 (X)0 :=
{α ∈ C∞p, q(X) | ∂¯α = 0 and ∂α ∈ Im ∂¯}
{∂¯β | β ∈ C∞p, q−1(X)}
=
Zp, q2 (X)
Cp, q1 (X)
⊂ Ep, q1 (X).
In other words, Ep, q1 (X)0 = ker d1 consists of the E1-cohomology classes (i.e. Dolbeault cohomology
classes) representable by E2-closed forms of type (p, q).
Lemma 2.7. For all p, q, the canonical linear map
P p, q : Ep, q1 (X)0 → Ep, q2 (X), {α}E1 7→ {α}E2 ,
is well defined and surjective. Its kernel consists of the E1-cohomology classes representable by
E2-exact forms of type (p, q).
In particular, P p, q is injective (hence an isomorphism) if and only if Cp, q1 (X) = Cp, q2 (X).
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Proof. Well-definedness means that P p, q({α}E1) is independent of the choice of representative of
the class {α}E1 ∈ Ep, q1 (X)0. This follows from the inclusion Cp, q1 (X) ⊂ Cp, q2 (X). The other three
statements are obvious. 
Let us now fix a Hermitian metric ω on X. By the Hodge theory for the E2-cohomology in-
troduced in [Pop16] (and used e.g. in [PSU20b]) and the standard Hodge theory for the Dolbeault
cohomology, there are Hodge isomorphisms:
En−1, 12 (X) ' Hn−1, 12 = Hn−1, 12, ω and En−1, 11 (X) ' Hn−1, 11 = Hn−1, 11, ω
associating with every E2- (resp. E1-)class its unique E2- (resp. E1-)harmonic representative (w.r.t.
ω), where the ω-dependent harmonic spaces are defined by
Hn−1, 12 := ker(∆˜ : C∞n−1, 1(X)→ C∞n−1, 1(X)) ⊂ Hn−1, 11 := ker(∆′′ : C∞n−1, 1(X)→ C∞n−1, 1(X))
and ∆˜ = ∂p′′∂? + ∂?p′′∂ + ∆′′ is the pseudo-differential Laplacian introduced in [Pop16] and ∆′′ =
∂¯∂¯? + ∂¯?∂¯ is the standard ∂¯-Laplacian, both associated with the metric ω. (Recall that p′′ is the
L2ω-orthogonal projection onto ker ∆
′′.)
Definition 2.8. Let (X, ω) be an n-dimensional compact complex Hermitian manifold. The ω-lift
of the canonical linear surjection P n−1, 1 : En−1, 11 (X)0  En−1, 12 (X) introduced in Lemma 2.7 is the
ω-dependent linear injection
Jn−1, 1ω : E
n−1, 1
2 (X) ↪→ En−1, 11 (X)0
induced by the inclusion Hn−1, 12, ω ⊂ Hn−1, 11, ω , namely the map Jn−1, 1ω that makes the following diagram
commutative:
En−1, 12 (X)
Jn−1, 1ω−−−−→ En−1, 11 (X)
'
y 'y
Hn−1, 12, ω inclusion−−−−−−−→ Hn−1, 11, ω ,
where the vertical arrows are the Hodge isomorphisms.
It follows from the definitions that the image of the injection Jn−1, 1ω : E
n−1, 1
2 (X) −→ En−1, 11 (X)
defined by the above commutative diagram is contained in En−1, 11 (X)0 and we have
P n−1, 1 ◦ Jn−1, 1ω = IdEn−1, 12 (X).
Thus, every Hermitian metric ω on X induces a natural injection Jn−1, 1ω of E
n−1, 1
2 (X) into
En−1, 11 (X) (and even into E
n−1, 1
1 (X)0). In particular, if a canonical metric ω0 exists on X (in
the sense that ω0 depends only on the complex structure of X with no arbitrary choices involved
in its definition), the associated map Jn−1, 1ω0 constitutes a canonical injection of E
n−1, 1
2 (X) into
En−1, 11 (X).
We now specialize to page-1-∂∂¯-manifolds. We refer to [PSU20a] for their definition and proper-
ties.
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Definition 2.9. Let X be a compact complex n-dimensional Calabi-Yau page-1-∂∂¯-manifold.
Suppose that X carries a canonical Hermitian metric ω0.
The space of small essential deformations of X is defined as the image in En−1, 11 (X) of the
canonical injection Jn−1, 1ω0 , namely
En−1, 11 (X)ess := J
n−1, 1
ω0
(En−1, 12 (X)) ⊂ En−1, 11 (X).
Remark 2.10. If the page-1-∂∂¯-assumption on X is replaced by a more general one (for example,
the page-r-∂∂¯-assumption for some r ≥ 2 or merely the Er(X) = E∞(X) assumption for a specific
r ≥ 2), one can define a version of essential deformations using higher pages than the second one.
The most natural choice is the degenerating page Er = E∞ of the FSS if r > 2. Since at the moment
we are mainly interested in page-1-∂∂¯-manifolds, we confine ourselves to E2.
Example 2.11. (The Iwasawa manifold) If α, β, γ are the three canonical holomorphic (1, 0)-
forms induced on the complex 3-dimensional Iwasawa manifold X = G/Γ by dz1, dz2, dz3 − z1 dz2
from C3 (the underlying complex manifold of the Heisenberg group G), it is well known that α and
β are d-closed, while dγ = ∂γ = −α ∧ β 6= 0. It is equally standard that the Dolbeault cohomology
group of bidegree (2, 1) is generated as follows:
E2, 11 (X) =
〈
[α ∧ γ ∧ α]∂¯, [α ∧ γ ∧ β]∂¯, [β ∧ γ ∧ α]∂¯, [β ∧ γ ∧ β]∂¯
〉
⊕
〈
[α ∧ β ∧ α]∂¯, [α ∧ β ∧ β]∂¯
〉
.
In particular, we see that every E1-class of bidegree (2, 1) can be represented by a d-closed form.
Since every pure-type d-closed form is also E2-closed (and, indeed, Er-closed for every r), we get
E2, 11 (X) = E
2, 1
1 (X)0.
It is equally standard that the E2-cohomology group of bidegree (2, 1) is generated as follows:
E2, 12 (X) =
〈
[α ∧ γ ∧ α]E2 , [α ∧ γ ∧ β]E2 , [β ∧ γ ∧ α]E2 , [β ∧ γ ∧ β]E2
〉
.
It identifies canonically with the vector subspace
H2, 1[γ] (X) =
〈
[α∧γ∧α]∂¯, [α∧γ∧β]∂¯, [β∧γ∧α]∂¯, [β∧γ∧β]∂¯
〉
' E2, 11 (X)
/〈
[α∧β∧α¯]∂¯, [α∧β∧β¯]∂¯
〉
of E2, 11 (X) introduced in [Pop18, §.4.2] as parametrising the essential deformations defined there
for the Iwasawa manifold X.
On the other hand, let
ω0 := iα ∧ α¯ + iβ ∧ β¯ + iγ ∧ γ¯
be the Hermitian (even balanced) metric on X canonically induced by the complex parallelisable
structure of X. It can be easily seen that the vector space of small essential deformations coincides
with the space H2, 1[γ] (X) of [Pop18]:
E2, 11 (X)ess = J
2, 1
ω0
(E2, 12 (X)) = H
2, 1
[γ] (X) ⊂ E2, 11 (X).
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Example 2.12. (The manifold I(5)) Let X = I(5) be the complex parallelisable nilmanifold of
complex dimension 5 described in Example 2.1 (i.e. the 5-dimensional analogue of the Iwasawa
manifold.) It is a page-1-∂∂¯-manifold by [PSU20a, Thm. 4.7].
We will use the standard notation ϕi1...ipj¯1...j¯q := ϕi1 ∧ · · · ∧ ϕip ∧ ϕj1 ∧ · · · ∧ ϕjq .
For every l ∈ {3, 4, 5}, the linear map
Tl : H
0, 1(X, T 1, 0X) −→ H0, 1(X), [θ] 7→ [θyϕl],
is well defined. If we set
H0, 1ess (X, T
1, 0X) := kerT3 ∩ kerT4 ∩ kerT5 ⊂ H0, 1(X, T 1, 0X),
and define H4, 1ess (X) ⊂ H4, 1(X) to be the image of H0, 1ess (X, T 1, 0X) under the Calabi-Yau isomor-
phism H0, 1(X, T 1, 0X) −→ H4, 1(X) w.r.t. u = ϕ1 ∧ . . . ∧ ϕ5, we get the following description:
H4, 1ess (X) =
〈
[ϕ23451¯]∂¯, [ϕ13451¯]∂¯, [ϕ23452¯]∂¯, [ϕ13452¯]∂¯
〉
.
Moreover, we have the following identities of C-vector spaces:
H4, 1ess (X) = E
4, 1
1 (X)ess := J
4, 1
ω0
(E4, 12 (X)) ⊂ E4, 11 (X),
where
ω0 :=
5∑
j=1
iϕj ∧ ϕj,
is the canonical metric of I(5).
2.4 Deformation unobstructedness for page-1-∂∂¯-manifolds
In this subsection, we prove Theorem 1.2.
Definition 2.13. Let X be a Calabi-Yau page-1-∂∂¯-manifold with dimCX = n. Fix a non-vanishing
holomorphic (n, 0)-form u on X.
We say that the essential Kuranishi family of X is unobstructed if every E2-class in
En−1, 12 (X) admits a representative ψ1(t)yu such that the integrability condition (2) is satisfied (i.e.
all the equations (Eq. (ν)) of §.2.1 are solvable) when starting off with ψ1(t) ∈ C∞0, 1(X, T 1, 0X).
Before proving Theorem 1.2, we make a few comments. First, we notice an equivalent formulation
for the assumption made in (ii). Needless to say, the inclusion Zn−1, 12 ⊂ Zn−1, 11 always holds.
Lemma 2.14. Let X be a compact complex page-1-∂∂¯-manifold with dimCX = n. Then, Zn−1, 11 =
Zn−1, 12 if and only if every Dolbeault cohomology class of bidegree (n− 1, 1) can be represented by a
d-closed form.
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Proof. Let α ∈ C∞n−1, 1(X) be an arbitrary ∂¯-closed form, i.e. α ∈ Zn−1, 11 . The class {α}∂¯ can
be represented by a d-closed form if and only if there exists β of bidegree (n − 1, 0) such that
∂(α + ∂¯β) = 0. This is equivalent to ∂α being ∂∂¯-exact, which implies that ∂α is ∂¯-exact.
Conversely, since X is a page-1-∂∂¯-manifold, the ∂¯-exactness of ∂α implies its ∂∂¯-exactness.
Indeed, ∂¯α = 0 and if ∂α is ∂¯-exact, then α ∈ Zn−1, 12 , so ∂α ∈ ∂(Zn−1, 12 ). Now, ∂(Zn−1, 12 ) = Im (∂∂¯)
thanks to property (i) in characterisation (F) of the page-1-∂∂¯-property given in [PSU20b, Thm.
4.3] (with r = 2). Therefore, ∂α ∈ Im (∂∂¯) whenever α ∈ Zn−1, 12 .
Summing up, the class {α}∂¯ can be represented by a d-closed form if and only if ∂α is ∂¯-exact
if and only if α ∈ Zn−1, 12 . 
Second, we notice that both the Iwasawa manifold I(3) and the 5-dimensional Iwasawa manifold
I(5) satisfy all the hypotheses of Theorem 1.2. Indeed, I(3) and I(5) are complex parallelisable
nilmanifolds, so they are page-1-∂∂¯-manifolds by Theorem [PSU20a, Thm. 4.7]. In particular they
are also Calabi-Yau manifolds (actually, all nilmanifolds are). Moreover, we have
Lemma 2.15. Let X be either I(3) or I(5) and let n = dimCX ∈ {3, 5}. Let u := ϕ1 ∧ ϕ2 ∧ ϕ3 =
α ∧ β ∧ γ ∈ C∞3, 0(I(3)) or u := ϕ1 ∧ · · · ∧ ϕ5 ∈ C∞5, 0(I(5)) according to whether X = I(3) or X = I(5),
a non-vanishing holomorphic (n, 0)-form on X.
Then, for all ψ1(t), ρ1(s) ∈ C∞0, 1(X, T 1, 0X) such that ψ1(t)yu, ρ1(s)yu ∈ ker d ∪ Im ∂, we have
ψ1(t)y(ρ1(s)yu) ∈ Zn−2, 22 .
Proof. It is given in section 3. 
Finally, let us mention that both manifolds X = I(3) and X = I(5) have the property that every
Dolbeault cohomology class of type (n − 1, 1) can be represented by a d-closed form. Indeed, as
seen in the proof of Lemma 2.15 spelt out in §.3, Hn−1, 1
∂¯
(X) is generated by the classes represented
by the ϕ̂i ∧ ϕ1’s and the ϕ̂i ∧ ϕ2’s with i ∈ {1, 2, 3} (in the case of X = I(3)) and i ∈ {1, . . . , 5} (in
the case of X = I(5)), where ϕ̂i stands for u = ϕ1 ∧ . . . ∧ ϕ5 with ϕi omitted. All the forms ϕ̂i ∧ ϕλ,
with λ ∈ {1, 2}, are d-closed.
Note that the hypotheses of Theorem 1.2, all of which are satisfied by X = I(3) and X = I(5),
have the advantage of being cohomological in nature, hence fairly general and not restricted to the
class of nilmanifolds. Indeed, there is no mention of any structure equations in Theorem 1.2.
Proof of Theorem 1.2. Let {η1}E2 ∈ En−1, 12 (X) be an arbitrary nonzero class. Pick any d-closed
representative η1 ∈ C∞n−1, 1(X) of it. A d-closed representative exists thanks to the page-1-∂∂¯-
assumption on X. Under the extra assumption Zn−1, 11 = Zn−1, 12 of (ii), there is even a d-closed
representative η1 in every Dolbeault class {η1}E1 ∈ En−1, 11 (X), thanks to Lemma 2.14. So, we
choose an arbitrary d-closed form η1 ∈ C∞n−1, 1(X) that represents an arbitrary nonzero class in
either En−1, 12 (X) or E
n−1, 1
1 (X) depending on whether we are in case (i) or in case (ii). By the
Calabi-Yau isomorphism, there exists a unique ψ1 ∈ C∞0, 1(X, T 1, 0X) such that
ψ1yu = η1.
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We will prove the existence of forms ψν ∈ C∞0, 1(X, T 1, 0X), with ν ∈ N? and ψ1 being the already
fixed such form, that satisfy the equations
∂¯ψν =
1
2
ν−1∑
µ=1
[ψµ, ψν−µ] (Eq. (ν − 1)), ν ≥ 2,
which, as recalled in §.2.1, are equivalent to the integrability condition ∂¯ψ(τ) = (1/2) [ψ(τ), ψ(τ)]
being satisfied by the form ψ(τ) := ψ1 τ + ψ2 τ
2 + · · ·+ ψN τN + · · · ∈ C∞0, 1(X, T 1, 0X) for all τ ∈ C
with |τ | sufficiently small. The convergence in a Ho¨lder norm of the series defining ψ(τ) for |τ | small
enough is guaranteed by the general Kuranishi theory (cf. [Kur62]), while the resulting ψ(τ) defines a
complex structure ∂¯τ on X that identifies on functions with ∂¯−ψ(τ) and represents the infinitesimal
deformation of the original complex structure ∂¯ of X in the direction of [ψ1] ∈ H0, 1(X, T 1, 0X).
Since ∂(ψ1yu) = ∂η1 = 0, the Tian-Todorov lemma ([Tia87], [Tod89]) guarantees that [ψ1, ψ1]yu ∈
Im ∂ and
[ψ1, ψ1]yu = ∂(ψ1y(ψ1yu)).
On the other hand, ∂¯η1 = 0, hence ∂¯ψ1 = 0, hence ψ1y(ψ1yu) ∈ ker ∂¯. We even have the stronger
property ψ1y(ψ1yu) ∈ Zn−2, 22 thanks to assumption (1), since ψ1yu ∈ ker d. Therefore,
[ψ1, ψ1]yu = ∂(ψ1y(ψ1yu)) ∈ ∂(Zn−2, 22 ) = Im (∂∂¯),
the last identity being a consequence of the page-1-∂∂¯-assumption on X. (See (i) of property (F) in
[PSU20b, Thm. 4.3].)
Thus, there exists a form Φ2 ∈ C∞n−2, 1(X) such that
∂¯∂Φ2 =
1
2
[ψ1, ψ1]yu.
If we fix an arbitrary Hermitian metric ω on X, we choose Φ2 as the unique solution of the above
equation with the extra property Φ2 ∈ Im (∂∂¯)?. This is the minimal L2ω-norm solution, as follows
from the 3-space orthogonal decomposition of C∞n−2, 1(X) induced by the Aeppli Laplacian (see
[Sch07]). Let η2 := ∂Φ2 ∈ C∞n−1, 1(X). Thanks to the Calabi-Yau isomorphism, there exists a unique
ψ2 ∈ C∞0, 1(X, T 1, 0X) such that ψ2yu = η2. In particular, ∂(ψ2yu) = 0 and (∂¯ψ2)yu = ∂¯(ψ2yu) =
∂¯η2 = (1/2) [ψ1, ψ1]yu. This means that
∂¯ψ2 =
1
2
[ψ1, ψ1],
so ψ2 is a solution of (Eq. 1). Moreover, by construction, ψ2 has the extra key property that
ψ2yu ∈ Im ∂.
Now, we continue inductively to construct the forms (ψN)N≥3. Suppose the forms ψ1, ψ2, . . . , ψN−1 ∈
C∞0, 1(X, T
1, 0X) have been constructed as solutions of the equations (Eq. (ν − 1)) for all ν ∈
{2, . . . , N − 1} with the further property ψ2yu, . . . , ψN−1yu ∈ Im ∂. (Recall that ψ1yu ∈ ker d.)
Since ∂(ψ1yu) = ∂(ψ2yu) = · · · = ∂(ψN−1yu) = 0, the Tian-Todorov lemma ([Tia87], [Tod89])
guarantees that [ψµ, ψN−µ]yu ∈ Im ∂ for all µ ∈ {1, . . . , N − 1} and yields the first identity below:
N−1∑
µ=1
[ψµ, ψN−µ]yu = ∂
(N−1∑
µ=1
ψµy(ψN−µyu)
)
∈ ∂(Zn−2, 22 ) = Im (∂∂¯),
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where the relation “∈” follows from assumption (1) and the last identity is a consequence of the
page-1-∂∂¯-assumption on X. (See (i) of property (F) in [PSU20b, Thm. 4.3].).
Thus, there exists a form ΦN ∈ C∞n−2, 1(X) such that
∂¯∂ΦN =
1
2
N−1∑
µ=1
[ψµ, ψN−µ]yu.
We choose ΦN to be the solution of minimal L
2
ω-norm of the above equation, so ΦN ∈ Im (∂∂¯)?.
Let ηN := ∂ΦN ∈ C∞n−1, 1(X). Thanks to the Calabi-Yau isomorphism, there exists a unique ψN ∈
C∞0, 1(X, T
1, 0X) such that ψNyu = ηN . Hence, (∂¯ψN)yu = ∂¯(ψNyu) = ∂¯ηN = ∂¯∂ΦN , so
∂¯ψN =
1
2
N−1∑
µ=1
[ψµ, ψN−µ],
which means that ψN is a solution of (Eq. (N − 1)). Moreover, by construction, ψN has the extra
key property that ψNyu ∈ Im ∂.
This finishes the induction process and completes the proof of Theorem 1.2.
3 Explicit computations
In this section, we spell out the proof of Lemma 2.15.
• Case where X = I(3). We use the notation of Example 2.11, but also put ϕ1 := α, ϕ2 := β
and ϕ3 := γ. We have: dϕ1 = dϕ2 = 0 and dϕ3 = −ϕ1 ∧ ϕ2. The dual basis of (1, 0)-vector fields
consists of
θ1 =
∂
∂z1
, θ2 =
∂
∂z2
+ z1
∂
∂z3
, θ3 =
∂
∂z3
,
(actually of the vector fields induced by these ones on X by passage to the quotient) whose mutual
Lie brackets are as follows:
[θ1, θ2] = −[θ2, θ1] = θ3 and [θi, θj] = 0 whenever {i, j} 6= {1, 2}.
In particular, H0, 1(X, T 1. 0X) = 〈[ϕ1 ⊗ θi], [ϕ2 ⊗ θi] | i = 1, . . . , 3〉, so dimCH0, 1(X, T 1. 0X) = 6.
Note that all the (2, 1)-forms (ϕ1 ⊗ θi)yu and (ϕ2 ⊗ θi)yu are d-closed for i ∈ {1, 2, 3}, so every
Dolbeault class in H2, 1
∂¯
(X) can be represented by a d-closed form.
(a) Let ψ1(t), ρ1(s) ∈ C∞0, 1(X, T 1, 0X) such that ψ1(t)yu, ρ1(s)yu ∈ ker d. Then,
ψ1(t) =
3∑
i=1
2∑
λ=1
tiλ θiϕλ, so ψ1(t)yu =
3∑
i=1
(−1)i−1
2∑
λ=1
tiλ ϕλ ∧ ϕ̂i,
ρ1(s) =
3∑
j=1
2∑
µ=1
sjµ θjϕµ, so ρ1(s)yu =
3∑
j=1
(−1)j−1
2∑
µ=1
sjµ ϕµ ∧ ϕ̂j,
12
where ϕ̂j stands for ϕ1 ∧ ϕ2 ∧ ϕ3 with ϕj omitted.
Since ψ1(t)yu, ρ1(s)yu ∈ ker ∂¯, ψ1(t) and ρ1(s) are ∂¯-closed for the ∂¯ of the holomorphic structure
of T 1, 0X, hence ψ1(t)y(ρ1(s)yu) ∈ Z1, 21 . Moreover, since ψ1(t)yu, ρ1(s)yu ∈ ker ∂, the so-called Tian-
Todorov Lemma (see [Tia87], [Tod89]) ensures that
∂(ψ1(t)y(ρ1(s)yu)) = [ψ1(t)yu, ρ1(s)yu],
where [ψ1(t)yu, ρ1(s)yu] is the scalar-valued (n−1, 2)-form defined by the identity [ψ1(t)yu, ρ1(s)yu] =
[ψ1(t), ρ1(s)]yu. So, we have to show that [ψ1(t)yu, ρ1(s)yu] is ∂¯-exact. We get:
[ψ1(t), ρ1(s)] =
∑
1≤i, j≤3
∑
1≤λ, µ≤2
tiλ sjµ [θi, θj]ϕλ ∧ ϕµ = Dt,s θ3 ϕ1 ∧ ϕ2,
where Dt,s = (t11 s22 + t22 s11 − t12 s21 − t21 s12). Hence,
[ψ1(t), ρ1(s)]yu = Dt,s ϕ1 ∧ ϕ2 ∧ ϕ1 ∧ ϕ2 = ∂¯(Dt,s ∂ϕ3 ∧ ϕ3) = ∂¯∂(Dt,s ϕ3 ∧ ϕ3) ∈ Im ∂¯,
as desired.
We conclude that ψ1(t)y(ρ1(s)yu) ∈ Z1, 21 and ∂(ψ1(t)y(ρ1(s)yu)) ∈ Im ∂¯, hence ψ1(t)y(ρ1(s)yu) ∈
Z1, 22 , as desired.
(b) Let ψ1(t), ρ1(s) ∈ C∞0, 1(X, T 1, 0X) such that ψ1(t)yu ∈ ker d and ρ1(s)yu ∈ Im ∂. Then,
ψ1(t) =
∑
1≤i≤3
∑
1≤λ≤2 tiλ θiϕλ and ρ1(s) = (
∑
1≤µ≤3 sµ ϕµ) θ3, so
ρ1(s)yu =
∑
1≤µ≤3
sµ ϕµ ∧ ϕ1 ∧ ϕ2 = ∂(−
∑
1≤µ≤3
sµ ϕ3 ∧ ϕµ) ∈ Im ∂.
On the one hand, we get ψ1(t)y(ρ1(s)yu) =
2∑
λ=1
3∑
µ=1
t1λ sµ ϕλ∧ϕµ∧ϕ2−
2∑
λ=1
3∑
µ=1
t2λ sµ ϕλ∧ϕµ∧ϕ1,
hence ∂¯(ψ1(t)y(ρ1(s)yu)) = −
2∑
λ=1
t1λ s3 ϕλ ∧ ∂¯ϕ3 ∧ ϕ2 +
2∑
λ=1
t2λ s3 ϕλ ∧ ∂¯ϕ3 ∧ ϕ1 = 0 because ∂¯ϕ3 =
−ϕ1 ∧ ϕ2. Thus, ψ1(t)y(ρ1(s)yu) ∈ ker ∂¯.
On the other hand, since [θi, θ3] = 0 for all i, we get
∂(ψ1(t)y(ρ1(s)yu)) = [ψ1(t), ρ1(s)]yu =
3∑
i=1
2∑
λ=1
3∑
µ=1
tiλ sµ ϕλ ∧ ϕµ [θi, θ3] = 0
We conclude that ψ1(t)y(ρ1(s)yu) ∈ Z1, 22 .
(c) If ψ1(t), ρ1(s) ∈ C∞0, 1(X, T 1, 0X) are such that ψ1(t)yu and ρ1(s)yu both lie in Im ∂, then
ψ1(t) = (
∑
1≤λ≤3 tλ ϕλ) θ3 and ρ1(s) = (
∑
1≤µ≤3 sµ ϕµ) θ3. We get
ψ1(t)y(ρ1(s)yu) = −(
∑
1≤λ≤3
tλ ϕλ) ∧
∑
1≤µ≤3
sµ ϕµ ∧ [θ3y(ϕ1 ∧ ϕ2)] = 0
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since θ3yϕ1 = θ3yϕ2 = 0. In particular, ψ1(t)y(ρ1(s)yu) ∈ Z1, 22 .
• Case where X = I(5). We use the notation of Example 2.1.
(a) Let ψ1(t), ρ1(s) ∈ C∞0, 1(X, T 1, 0X) such that ψ1(t)yu, ρ1(s)yu ∈ ker d. Then,
ψ1(t) =
5∑
i=1
2∑
λ=1
tiλ θiϕλ, so ψ1(t)yu =
5∑
i=1
(−1)i−1
2∑
λ=1
tiλ ϕλ ∧ ϕ̂i,
ρ1(s) =
5∑
j=1
2∑
µ=1
sjµ θjϕµ, so ρ1(s)yu =
5∑
j=1
(−1)j−1
2∑
µ=1
sjµ ϕµ ∧ ϕ̂j,
where ϕ̂j stands for ϕ1 ∧ · · · ∧ ϕ5 with ϕj omitted.
Since [θi, θj] = 0 unless {i, j} ⊂ {1, 2, 3} and given the other values for [θi, θj], we get:
[ψ1(t), ρ1(s)]yu = −D3(t, s)ϕ1 ∧ ϕ2 ∧ ϕ4 ∧ ϕ5 ∧ ϕ1 ∧ ϕ2 +D2(t, s)ϕ1 ∧ ϕ2 ∧ ϕ3 ∧ ϕ5 ∧ ϕ1 ∧ ϕ2
− D1(t, s)ϕ1 ∧ ϕ2 ∧ ϕ3 ∧ ϕ4 ∧ ϕ1 ∧ ϕ2, where
D3(t, s) =
∣∣∣∣t11 t12s21 s22
∣∣∣∣− ∣∣∣∣s11 s12t21 t22
∣∣∣∣, D2(t, s) = ∣∣∣∣t11 t12s31 s32
∣∣∣∣− ∣∣∣∣s11 s12t31 t32
∣∣∣∣, D1(t, s) = ∣∣∣∣t21 t22s31 s32
∣∣∣∣− ∣∣∣∣s21 s22t31 t32
∣∣∣∣.
Now, since ϕ1 ∧ ϕ2 = ∂ϕ3 and ϕ¯1 ∧ ϕ2 = ∂¯ϕ3, using also the other properties of the ϕi’s, we get
ϕ1 ∧ ϕ2 ∧ ϕ4 ∧ ϕ5 ∧ ϕ1 ∧ ϕ2 = ∂¯∂(ϕ3 ∧ ϕ4 ∧ ϕ5 ∧ ϕ3)
ϕ1 ∧ ϕ2 ∧ ϕ3 ∧ ϕ5 ∧ ϕ1 ∧ ϕ2 = ∂¯∂(ϕ2 ∧ ϕ4 ∧ ϕ5 ∧ ϕ3).
Similarly, since ϕ2 ∧ ϕ3 = ∂ϕ5 and ϕ¯1 ∧ ϕ2 = ∂¯ϕ3, we get
ϕ1 ∧ ϕ2 ∧ ϕ3 ∧ ϕ4 ∧ ϕ1 ∧ ϕ2 = ∂¯∂(ϕ1 ∧ ϕ4 ∧ ϕ5 ∧ ϕ3).
We conclude that ∂(ψ1(t)y(ρ1(s)yu)) = [ψ1(t), ρ1(s)]yu ∈ Im (∂∂¯) ⊂ Im ∂¯. Meanwhile, ψ1(t)y(ρ1(s)yu)
is ∂¯-closed (because ψ1(t)yu and ρ1(s)yu are), hence ψ1(t)y(ρ1(s)yu) ∈ Z4, 12 , as desired.
(b) Let ψ1(t), ρ1(s) ∈ C∞0, 1(X, T 1, 0X) such that ψ1(t)yu ∈ ker d and ρ1(s)yu ∈ Im ∂. Then,
ψ1(t) =
5∑
i=1
2∑
λ=1
tiλ θiϕλ, so ψ1(t)yu =
5∑
i=1
(−1)i−1
2∑
λ=1
tiλ ϕλ ∧ ϕ̂i,
ρ1(s) =
5∑
j=3
sj θjϕ3, so ρ1(s)yu =
5∑
j=3
(−1)j−1 sj ϕ3 ∧ ϕ̂j.
Indeed, in the case of ρ1(s)yu, we have
ϕ̂3 = ∂(ϕ3 ∧ ϕ4 ∧ ϕ5), so ϕ3 ∧ ϕ̂3 = −∂(ϕ3 ∧ ϕ3 ∧ ϕ4 ∧ ϕ5),
ϕ̂4 = ∂(ϕ2 ∧ ϕ4 ∧ ϕ5), so ϕ3 ∧ ϕ̂4 = −∂(ϕ3 ∧ ϕ2 ∧ ϕ4 ∧ ϕ5),
ϕ̂5 = ∂(ϕ1 ∧ ϕ4 ∧ ϕ5), so ϕ3 ∧ ϕ̂5 = −∂(ϕ3 ∧ ϕ1 ∧ ϕ4 ∧ ϕ5)
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and every ∂-exact (4, 1)-form is a linear combination of ϕ3 ∧ ϕ̂3, ϕ3 ∧ ϕ̂4 and ϕ3 ∧ ϕ̂5.
On the one hand, we get
ψ1(t)y(ρ1(s)yu) =
5∑
i=1
5∑
j=3
2∑
λ=1
(−1)j−1 tiλ sj ϕλ ∧ ϕ3 ∧ (θiyϕ̂j).
Now, θiyϕ̂j is always ∂¯-closed because it vanishes when i = j, it equals (−1)i−1ϕ̂ij when i < j and
it equals (−1)iϕ̂ji when i > j, where ϕ̂ij stands for ϕ1 ∧ · · · ∧ ϕ5 with ϕi and ϕj omitted and i < j.
All the ϕi’s being ∂¯-closed, so are all the ϕ̂ij’s. Meanwhile, ∂¯(ϕλ ∧ ϕ3) = −ϕλ ∧ ∂¯ϕ3 = 0 for all
λ ∈ {1, 2}, since ∂¯ϕ3 = ϕ1 ∧ ϕ2. This proves that ψ1(t)y(ρ1(s)yu) ∈ ker ∂¯.
On the other hand, we get
∂(ψ1(t)y(ρ1(s)yu)) = [ψ1(t), ρ1(s)]yu =
5∑
i=1
5∑
j=3
2∑
λ=1
tiλ sj ϕλ ∧ ϕ3 ∧ ([θi, θj]yu)
= −
2∑
λ=1
t1λ s3 ϕλ ∧ ϕ3 ∧ (θ4yu)−
2∑
λ=1
t2λ s3 ϕλ ∧ ϕ3 ∧ (θ5yu)
= t11 s3 ϕ1 ∧ ϕ3 ∧ ϕ̂4 + t12 s3 ϕ2 ∧ ϕ3 ∧ ϕ̂4 − t21 s3 ϕ1 ∧ ϕ3 ∧ ϕ̂5 − t22 s3 ϕ2 ∧ ϕ3 ∧ ϕ̂5
= t11 s3 ∂¯ϕ4 ∧ ϕ̂4 + t12 s3 ∂¯ϕ5 ∧ ϕ̂4 − t21 s3 ∂¯ϕ4 ∧ ϕ̂5 − t22 s3 ∂¯ϕ5 ∧ ϕ̂5
= ∂¯(t11 s3 ϕ4 ∧ ϕ̂4 + t12 s3 ϕ5 ∧ ϕ̂4 − t21 s3 ϕ4 ∧ ϕ̂5 − t22 s3 ϕ5 ∧ ϕ̂5) ∈ Im ∂¯,
where the second line followed from the fact that [θi, θj] = 0 unless i, j ∈ {1, 2, 3} and i 6= j. Given
the fact that the summation bears over j ∈ {3, 4, 5}, this forces j = 3 and i ∈ {1, 2}. Then, we get
the second line from [θ1, θ3] = −θ4 and [θ2, θ3] = −θ5.
The facts that ψ1(t)y(ρ1(s)yu) ∈ ker ∂¯ and ∂(ψ1(t)y(ρ1(s)yu)) ∈ Im ∂¯ translate to ψ1(t)y(ρ1(s)yu) ∈
Z3, 22 , as desired.
(c) Let ψ1(t), ρ1(s) ∈ C∞0, 1(X, T 1, 0X) such that ψ1(t)yu, ρ1(s)yu ∈ Im ∂. Then,
ψ1(t) =
5∑
i=3
ti θiϕ3, ρ1(s) =
5∑
j=3
sj θjϕ3, so ρ1(s)yu =
5∑
j=3
(−1)j−1 sj ϕ3 ∧ ϕ̂j.
We get
ψ1(t)y(ρ1(s)yu) =
5∑
i=3
5∑
j=3
(−1)j−1 ti sj ϕ3 ∧ ϕ3 ∧ (θiyϕ̂j) = 0 ∈ Z3, 22 ,
as desired.
This completes the proof of Lemma 2.15. 
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